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Comparison of Standard and Heat-Pipe Fins with Speci� ed Tip
Temperature Condition

W. Jerry Bowman¤ and Daniel Maynes†

Brigham Young University, Provo, Utah 84602

Analytical expressions for heat-pipe � n temperature distribution and ef� ciency were obtained for a � n with
uniform cross-sectional area, convection, thermal conductivity, and where the � n-tip temperature is speci� ed. The
results were compared to a standard (solid conductor) � n. It was observed thatunder most conditions, the heat-pipe
� n would have a higher ef� ciency than a geometrically similar standard � n. The important parameters needed to
compare the two types of � ns are presented.

Nomenclature
A = � n cross-sectionalarea
Av = vapor space cross-sectionalarea
a = nondimensional � n parameter
B = n2µv=.m2 C n2/
h i = convection coef� cient, inside of � n
ho = convection coef� cient, outside of � n
k = thermal conductivity
keff = effective thermal conductivityof wick
L = � n length
M = nondimensional � n parameter
m = nondimensional � n parameter
N = nondimensional � n parameter
n = nondimensional � n parameter
Pi = inside perimeter of � n
Po = outside perimeter of � n
T = temperature
Tb = � n-base temperature
Tv = vapor space temperature
T1 = � n environment temperature
t = thickness of heat-pipe wick
X = nondimensional axial location
x = axial location
Z = a.m2 C n2/1=2

´ = ef� ciency
´ f = standard � n ef� ciency
´HP; f = heat-pipe � n ef� ciency
µ = nondimensional temperature
µL = nondimensional � n-tip temperature
µv = nondimensionalvapor temperature

Introduction

F INS are added to objects to increase surface area and thus heat
transfer. One possible method of increasing � n ef� ciency is to

include a heat pipe in the � n. The high effective thermal conduc-
tivity of the heat pipe will aid energy transport from the base of
the � n to its tip. Bowman et al.1 derived a useful expression for
the ef� ciency of a heat-pipe � n with an insulated � n-tip condition.
Bowman et al.2 expanded the results to include the case where the
� n is inserted into the object to be cooled. Using the expressions, it
is possible to compare the ef� ciency of a heat-pipe � n to a standard
� n. This is useful in the early phase of a cooling system design. It
allows one to determine if heat-pipe � ns might outperformstandard
� ns before having to invest time and money in the heat-pipe � n de-
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sign. Both of the earlier works assumed a constant-area, constant
thermal conductivity heat-pipe � n with uniform inside and outside
convection and an adiabatic � n-tip condition. The purpose of this
work is to study a similar heat-pipe � n, except with a speci� ed tip
temperature boundary condition. As was done before, the results
will be compared to standard � n results. As was observed in the
earlier work, adding a heat pipe to the � n does not always improve
the ef� ciency of the � n. For some conditions the standard � n will
outperform the heat-pipe � n. The important parameters required to
compare the different � ns are de� ned next.

Heat-Pipe Fin Ef� ciency
Figure 1 illustrates the heat-pipe� n being considered.Neglecting

radiation, assuming steady state, and assuming temperature varies
only in the x direction, conservation of energy applied to a differ-
ential element of the wall is

k.A ¡ Av /
@2T

@x2
¡ ho Po.T ¡ T1/ ¡ hi Pi .T ¡ Tv / D 0 (1)

The nondimensional temperature and length can be de� ned as

µ D .T ¡ T1/=.Tb ¡ T1/ (2)

X D .x/=.L/ (3)

Rewriting Eq. (1) in terms of the nondimensionalvariables yields

@2µ

@ X 2
¡ a2.m2 C n2/µ D ¡a2n2µv (4)

where

m2 D ho Po L2
¯

kA (5)

n2 D hi Pi L
2
¯

kA (6)

a2 D A=.A ¡ Av/ (7)

µv D .Tv ¡ T1/=.Tb ¡ T1/ (8)

The parameters a2 , n2, and m2 were carefully selected to make it
easy to compare the heat-pipe� n’s performancewith a standard � n;
m2 as de� ned in Eq. (5) is a standardparameter used in � n design. It
is the ratio of conduction resistance L=kA to convection resistance
1=ho Po L for the standard � n. A similar parameter that is important
in heat-pipe � ns only is n2 . It is the ratio of conduction resistance
along the � n to convection resistance associated with the heat-pipe
wick and evaporation on the inside of the heat-pipe � n 1=hi Pi L .
The last parametera2 is the ratio of the total � n cross-sectionalarea
A to the heat-pipe wall area A ¡ Av . Realistic values for these three
parameters and their importance were discussed by Bowman et al.1
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Fig. 1 Standardandheat-pipe � nswith speci� ed end temperature con-
ditions.

It was assumed that the convection coef� cient inside the heat
pipe was uniform along the heat pipe. This is often a reasonable as-
sumptionbecauseenergy transportfrom the wall to the vaporoccurs
through the liquid saturated wick and then from the wick surface to
the vapor. This energy transport can be representedusing an electri-
cal analogy as energy transport through two thermal resistors. The
thermal resistanceof the wick is typicallymuch larger than the ther-
mal resistancecausedby evaporationor condensation.3 Thus, h i can
be approximated by examining conduction through the wick, or

hi D keff=t (9)

Assumingthe liquidis uniformlydistributedalonga wick of uniform
thickness, this thermal resistance will also be uniform along the
length of the heat pipe.

Equation (4) can be solved for µ.X/. Assuming T1, Tv , hi , and
ho are constants, the solution is

µ.X / D c1[sinh.Z X/ C cosh.Z X/]

C c2[cosh.Z X/ ¡ sinh.Z X /] C
n2µv

.m2 C n2/
(10)

where Z D a.m2 C n2/1=2 . The constants c1 and c2 are evaluated by
applying the appropriate boundary conditions. Assuming the base
temperature is known and the � n-tip temperature is speci� ed, the
boundary conditions are

µ.0/ D 1:0 (11)

µ.1/ D µL D
T .L/ ¡ T1

Tb ¡ T1
(12)

The constants c1 and c2 are

c1 D .1 ¡ B/[sinh.Z / ¡ cosh.Z /] ¡ B C µL

2 sinh.Z/

c2 D
.1 ¡ B/[sinh.Z / C cosh.Z /] C B ¡ µL

2 sinh.Z/
(13)

where

B D
n2µv

.m2 C n2/

The model assumes the vapor temperature µv is constant along
the heat pipe.This temperaturewill adjustuntil evaporationmatches

condensationin the heat pipe. Conservationof energy for the vapor
space is

Z L

0

hi Pi .T ¡ Tv/ dx D 0 or

Z 1

0

µ dx D µv (14)

SubstitutingEqs. (10) and (13) into Eq. (14), µv can be found to be

µv D
.µL C 1/[cosh.Z/ ¡ 1]

Z sinh.Z/ C .a2n2=Z 2/[2 cosh.Z/ ¡ Z sinh.Z/ ¡ 2]
(15)

An important � n parameter is the � n ef� ciency. It is de� ned as the
heat transfer from the object divided by the maximum heat transfer
if the entire � n is maintainedat the � n’s base temperature.Often, the
energy leavingtheobject is foundby integratingtheconvectionfrom
the � n. Conductionthroughthe tip of the � n must alsobe considered.
For the speci� ed tip temperature � n the energy leaving the object
is more than the convection from the � n. For this reason the energy
leaving the object must be found by evaluating the conduction into
the base of the � n. The ef� ciency can be found from the expression

´ D
¡kA.dT=dxx D 0/

ho Po L.Tb ¡ T1/
D ¡ 1

a2m2

dµ

dX X D 0

(16)

Evaluating Eq. (16) for the case of the heat-pipe � n gives

´HP; f D
Z

a2m2

µ
.1 ¡ B/ cosh.Z / C B ¡ µL

sinh.Z /

¶
(17)

The heat-pipe � n ef� ciency can be compared to the ef� ciency of a
standard, constant-area � n with the same boundary conditions and
geometry. Using results from Ref. 4, the ef� ciency of the standard
� n can be shown to be

´ f D cosh m ¡ µL

m sinh m
(18)

Results
The analytical results will be studied next. Three sets of graphs

will be presented. First, the axial temperature distribution for stan-
dard and heat-pipe � ns will be compared. Second, the ef� ciency of
the heat-pipe � ns and the standard � ns will be compared. Lastly, a
set of design curves that pertain only to heat-pipe � ns and allow for
the easy determination of a heat-pipe � n’s ef� ciency are presented.

Figures 2 and 3 are graphs of Eq. (10) and the temperature dis-
tribution for a standard � n.3 In both � gures the area ratio a is 1.25.
Recall that the area ratio compares the total cross-sectionalarea of
the � n to the cross-sectionalarea of the heat-pipe� n wall. A valueof

Fig. 2 Temperature distribution, (a = 1:25, m = 1).
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Fig. 3 Temperature distribution, (a = 1:25, m = 4).

a) a = 1.25 and µL = 1.0 c) a = 1.75 and µL = 1.0

b) a = 1.5 and µL = 1.0 d) a = 2.0 and µL = 1.0

Fig. 4 Fin ef� ciency for various area ratios and µL = 1:0.

1.25 was selected for illustrationonly. Figure 2 assumes the param-
eter m is equal to one, whereas Fig. 3 assumes it is equal to four.
The parameter m is the ratio of resistance to axial conductionalong
the � n to convectionresistancefrom the � n. The small value for this
ratio corresponds to a shorter � n, a � n with a high thermal conduc-
tivity, or one with poor convection.The larger value corresponds to
a longer � n, one with low thermal conductivity or one with good
convection.Each � gure contains three sets of � ve curves. The three
sets correspond to three different � n-tip boundary conditions. For
the upper set of curves, both ends of the � n are at the same temper-
ature (µ D 1:0). For the other sets of curves, the nondimensional tip
temperatures are 0.5, 0.0, ¡0:5, and ¡1:0. As an example, the case
where µ D 0:0 corresponds to the � n-tip temperature being equal to
the surrounding environment temperature.

For each set of boundary conditions, � ve examples are shown.
They compare the temperature distributions of a standard � n and
four different heat-pipe � ns. The different heat-pipe � ns have dif-
ferent values of the n parameter. Recall that n is the ratio of axial
conduction along the heat pipe to internal resistance between the
heat-pipewall and the vapor space. Small values of n correspondto
shorter � ns, high thermal conductivity� ns, or one with large thermal
resistance between the wall and the vapor space.
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a) a = 1.25 and µL = ¡1.0 c) a = 1.75 and µL = ¡1.0

b) a = 1.5 and µL = ¡1.0 d) a = 2.0 and µL = ¡1.0

Fig. 5 Fin ef� ciency for various area ratios and µL = ¡ 1.0.

Several observationscan be made from the curves. In comparing
the standard � n temperature distributions, for smaller values of m
the temperaturedistributionsare more linear.Fins with largervalues
of m are in� uenced more by convection from the � n caused by
increased � n length, increased convectionheat-transfercoef� cient,
or low � n thermal conductivity. From the � gures it can be seen
that as n increases the variation in temperature distribution from
the standard � n also increases. Later we show that as n increases
the heat-pipe � n will typically have a higher ef� ciency than the
standard � n. A last observation is the � atness of the heat-pipe � n

temperature distributions in the � n midsection. This indicates large
axial conduction on the ends of the � n and small axial conduction
in its midsection. In contrast, the standard � n demonstrates axial
conductionalong its entire length. For the heat-pipe � n case energy
is transported through the midsection via the vapor motion in the
heat pipe.

From a design perspective Figs. 4–6 present the most useful re-
sults of this research.They compare the standard� n ef� ciency to the
heat-pipe � n ef� ciency for different problem parameters. Figures 4
and 5 illustrate the effects of m, n, and a on � n performance.
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a) a = 1.25 and µL = 1.0 c) a = 1.25 and µL = 0.0

b) a = 1.25 and µL= 0.5 d) a = 1.25 and µL = ¡1.0

Fig. 6 Fin ef� ciency for various tip conditions and a = 1:25.
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Recall that a is the ratio of the standard � n cross-sectional area
to the conduction area for the heat-pipe � n. Figure 6 illustrates the
effects of m, n, and � n-tip temperature µL on � n performance.

Figure 4 illustrates the in� uence of area ratio on � n ef� ciency.
With a equal to 1.25, most heat-pipe � ns will outperform the stan-
dard � ns. Only the heat-pipe� ns with n less than � ve are inferior to
the standard � ns (Fig. 4a). As the area ratio increases to 2.0, n must
be higher than 15 for the heat-pipe� n to outperformthe standard � n
(Fig. 4d). Thus, the smaller the area ratio, the better the heat-pipe
� n is. Physically, a small value of area ratio corresponds to a thick
walled heat-pipe � n. This may seem counterintuitiveto some heat-
pipe designers.These results exist because of an earlier assumption
that the heat pipe is � ush mounted to the object. Consequently, the
only way energy can enter the heat pipe is via axial conduction
along the heat-pipe wall. The thicker-walled heat pipes outperform
the thin-walled heat pipes, because it provides for increased axial
conduction from a larger conductionarea. The area ratio is less im-
portant of a parameter if the � ush-mountedassumption is not made
and a better conductionpath to the heat pipe evaporatoris provided.2

Figure 5 is similar to Fig. 4 except the � n-tip temperature has
been changed. In Fig. 4 µL was 1.0 (both ends of the � n are at
the same temperature), whereas in Fig. 5 it is ¡1:0 (the � n-end
temperatures are equal amounts above and below the environment
temperature). In contrast to Fig. 4, Fig. 5 illustrateshow the different
� n-tip boundary condition effects performance. The ef� ciencies in
Fig. 5 are generally an order of magnitude higher than those shown
in Fig. 4. This is caused by the increase in axial conduction that
occurs in the � ns shown in Fig. 5. Energy leaving the object is con-
vected away from the � n as well as conducted along the � n to the
� n tip. Recall, the de� nition of ef� ciency used earlier compared the
total energy leaving the object via the � n to the maximum energy
that could be convected from the � n [Eq. (16)]. This de� nition al-
lows ef� ciency to be greater than 1.0 if a large amount of energy is
conducted out of the � n tip.

Other observations can be made from Fig. 5. The in� uence of
m on ef� ciency can be seen. For small values of m, the heat-pipe
� n signi� cantly outperforms the standard � n. As m increases, the

difference in performance is decreased. As noticed earlier, larger
values of n show an increase in ef� ciency for the heat-pipe � ns.

Figure 6 is includedto illustratetheeffectof � n-tip temperatureon
� n performance. As the � n-tip temperature decreases, more energy
is removed from the object caused by conductionalong the � n. This
conduction added to the convection from the � n increases the total
energy transported by the � n and thus increases the � n ef� ciency.
Decreasing the tip temperature has a larger impact on the heat-pipe
� n than the standard � n.

Conclusions
Analytical expressions for heat-pipe � n temperature distribution

and ef� ciency were obtained.Fin cross-sectionalarea, externalcon-
vection,internalconvection,and thermalconductivitywere assumed
to be constant. The tip temperature of the � n was speci� ed. The
heat-pipe � n results were compared to standard � n results. It was
observed that under most conditions the heat-pipe � n will have a
higher ef� ciency than a standard � n.

The results presented in this paper are useful in the preliminary
design of a project before a detailed heat-pipe design is conducted.
They make it possible to compare standard and heat-pipe � ns early
in the design. If the preceding results indicate that a heat-pipe � n
should be superior to a standard � n, the designer can then continue
with the heat pipe design process.This will include testing to ensure
that the well-known heat-pipe thermal limits will not be violated.
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